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Abstract 

We continue to investigate properties of the strongly coupled inflaton in a setup introduced in 
Ref. [1] through the AdS/CFT correspondence. These properties are qualitatively different 
from those in conventional inflationary models. For example, in slow-roll inflation, the 
inflaton velocity is not determined by the shape of potential; the fine-tuning problem concerns 
the dual infrared geometry instead of the potential; the non-Gaussianities such as the local 
form can naturally become large. 



1 Introduction 



Inflation models are usually constructed in terms of weakly coupled theories, in which the 
inflatons and their fluctuations are weakly coupled degrees of freedom in 4D effective field 
theories and can be studied perturbatively. Nonetheless, strongly coupled theories are an 
indispensable part of Nature, for example as a building block of the Standard Model. The 
inflatons may also be the strongly coupled degrees of freedom in 4D effective theories, such 
as the scalar glueballs in Yang-Mills theory. Properties of such theories are difficult to study 
in the past. However, the discovery of the AdS/CFT correspondence |2H1] provides a class 
of toy models in which strongly coupled theories can be studied perturbatively in higher 
dimensional dual theories. 

In Ref. pp, we started to investigate properties of a 4D strongly coupled inflaton by 
placing a higher dimensional scalar in AdSs space deformed by 4D inflationary spacetime. 
We found that the rolling speed of this scalar in 4D is determined by an eigenvalue, which 
is analogous to the inflaton mass in conventional slow-roll models. The difference is that, 
in the conventional models, the inflaton mass is determined by the curvature of inflaton 
potential; but here this eigenvalue is determined by the infrared (IR) property of the higher 
dimensional AdS space, which also sensitively depends on the 4D inflationary background. 
In generic cases, this eigenvalue is of order the Hubble parameter H, making the scalar 
roll down too quickly to become an inflaton. Therefore we saw a problem analogous to the 
77-problem in the usual slow-roll inflation models, but manifest in a very different way. The 
emphasis of Ref. PQ is to compare the origin of this 77-problem to that of the /i-problem [1] in 
DBI inflation [HIE]- They are two completely different inflationary mechanisms. Because the 
strongly coupled inflaton is interesting enough in its own right, in this paper we investigate 
it separately in much more details. We will use the same setup, but elaborate it with more 
model building ingredients. More importantly, we will investigate the following two main 
issues in the field of inflation model building. 

The first is the fine-tuning problem. In conventional slow-roll models, it is well-known 
that the backreaction of inflationary spacetime makes the inflaton mass generically of order 
H, spoiling the inflation. The identification of the origin of this generic mass term has a 
special importance - it allows us to introduce other model-dependent sources or symmetries 
to solve this problem. It turns out that this mass term can be traced to the canonical 
inflaton dependence in the Kahler potential in supersymmetrically completed theories [5], 
or the order one coupling between the Ricci scalar and inflaton. It should be an equally 
important question for the strongly coupled inflation models whether there exists a generic 
fine-tuning problem, and if yes where the generic origin is. This is an extension of the study 
in Ref. pp. As we will see, the effective inflaton mass is not given by the shape of the inflaton 
potential. Rather it is determined by the IR geometry in the dual higher dimensional theory. 
In 4D point of view, this is the low energy deformation of the strongly coupled theory at the 
scale H, which also breaks the possibly existed supersymmetry and conformal symmetry. 
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This is the generic origin of the ^-problem and the place where the effective tuning should 
take place if we wish to solve this problem. 

The second important issue is the density perturbations. This gives the direct observa- 
tional consequence of inflation and is crucial for the experimental test. It includes the power 
spectrum (the two-point correlation function) and non-Gaussianities (the higher point cor- 
relation functions). The power spectrum is a function of one momentum mode and not very 
discriminative to different models. Except for possible small corrections due to features, it is 
plausible that, once a successful inflation model is built, its power spectrum is approximately 
scale- invariant. This is because a prolonged inflation stretches the inflaton quantum fluctua- 
tions with different wavelength in an approximately scale-invariant way. So a more powerful 
probe is the higher point correlation functions. They have more complicated dependence on 
momentum modes and contain much more information. However the conventional slow-roll 
models tend to give non-observable non-Gaussianities. Non-Gaussianities become large only 
through various special mechanisms j8]. As we will see, the slow-roll models with strongly 
coupled inflaton produce much larger non-Gaussianities due to the strong interaction. 

Although we have emphasized the point of view that the model to be studied here is 
the dual of a 4D theory, in which the 10D scalar dilaton with proper boundary condition 
is dual to the scalar glueball in 4D [3JH], the higher dimensional picture can also be taken 
directly and regarded as the model building in warped compactification with non-trivial 
higher dimensional inflatons. 

2 The setup 

We consider a strongly coupled 4D Af = 4 SU(N) super- Yang-Mills theory and couple 
this sector to 4D gravity. The dual picture is a warped space with AdSs x S 5 attached to 
a compact 6D bulk in type IIB string theory. The moduli stabilization of configurations 
similar to this has been an outstanding problem and actively investigated. We assume this 
is achieved, for example, in terms of the flux compactification [9]. The canonical example 
we have in mind is the GKP-type warped compactification [10]. The dynamical degrees of 
freedom in this theory can be most easily studied on the AdS side, so we will work on this 
side of the duality. We will ignore the angular part and focus on the most important 5D 
metric, 

ds 2 = G {5)MN dX M dX N = h(r) 2 (-dt 2 + a(t) 2 dx 2 ) + h(r)~ 2 dr 2 , (2.1) 

where h(r) is the warp factor with length scale R, and a is the inflationary scale factor. 
This metric is asymptotically AdS as the energy scale 3> H and h(r) — > r / R. The warp 
factor h(r) smoothly becomes 0(1) at UV (r ~ R) where the warped throat is attached to 
a compactified bulk of size L. At the IR end of the warped space, we will impose a sharp 
cutoff at r = r c . The value of r c will be discussed in the next section. 
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Consider a 5D scalar field (j)(t, x, r) with mass Mb in this background. To introduce 
an inflationary potential, we consider a 4D scalar field <f>(t, x) on a spacetime-filling brane 
at r = r&. The <fi can be induced by <p through couplings. We put this brane near the 
UV end of the warped space, r b ~ R. The induction strength is parameterized by l/a, 
0(rb,t, x) = a0(t,x). The inflation potential is given by a 4D potential Vb((f>), 



1 

-5 

2 



(2.2) 



We assume that the inflation ends when reaches a critical value </> e nd, which for example 
can be engineered by adding a tachyonic instability. 
The action is 
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The £ mat ter represents the Lagrangian of the moduli-stabilizing fields which we collectively 
denote as $. The induced 4D metric is G^)^ v = G(^)^ v \ rb . The inflation is driven by the 
potential energy V&Q, H 2 = Vf, /(3M|), where the Planck mass is obtained from M( 5 ) by 
integrating over the extra dimension of size L > R, M| ~ M^L. The 5D scalar <fi has 
wave-functions in both the spacetime and r-direction. We decompose it as 



(2.4) 



The linear equation of motion for can be separated into the following two equations for 
each n, 



1 d r (h 5 d r f n ) - h 2 M 2 B f n + X 2 J n + (X 2 n - h 2 ml)—JJ{r - r b ) 
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(2.6) 



Equation (12. 5 p is an eigenvalue problem for X n , and the eigenfunctions f n are normalized as 



a- 



fmfn\rh I dvhf m f n 



(2.7) 



The boundary condition for /„ at r c is d r f n \ Tc = or f n (r c ) = 0. After we integrate the 
wave-function f n (r) over r, the kinetic term for each 4D scalar field ip n is canonical. For the 
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zero-mode background, the slow-roll of ip n is given by 

3H<f n0 + A^ nQ = 0. (2.8) 

The rolling velocity is determined by the eigenvalue A n , which plays the role of the effec- 
tive 4D scalar mass. This is indirectly related to the shape of the potentials rrib or Mb 
through f)2.5p . As we will see in more details later, for the strongly coupled inflaton the most 
important properties of A n are not determined by these shapes. 

Before proceed, we would like to clarify which aspects of the model are more model- 
dependent or model-independent. The first line of (12. 3p provides the stabilized compactifica- 
tion involving mo del- dependent details. The fields and are probes of this compactifica- 
tion. Namely, the inflationary Hubble energy they introduce is much lower than the mass of 
the moduli fields $, except for the IR end of the AdS space. The third line of (12. 3p is intro- 
duced to raise the 4D vacuum energy necessary for inflation, which is also model-dependent. 
The effective relation between and we used may be realized microscopically through an 
interaction action j d x«J —G(±) C 00 \ r=rb . The field evolution, determined by (12. 5p and 
(12.61) . becomes an external force for the evolution of 0(t), 

+ 3H4> + h 2 b m 2 b 4> = Ch 2 b <f)\ rb . (2.9) 

The solution 0(t) is a summation of the non- homogeneous part, <j)/a\ rb , and the source- 
free homogeneous part, where the induction strength parameter we used is now given by 
a = (—X 2 + hlml)/(Chl) and hb denotes h\ n . Here we have assumed that the most important 
A n are all similar ~ A, as we will see later. For the potential (12. 2p with a positive and naturally 
large mass-squared, h 2 ml ~ H 2 , the homogeneous part of will quickly decrease and get red- 
shifted. More complicated couplings such as ~ 00 n will lead to more complicated induction 
relations such as oc n . However, most of the properties that we will study in the rest 
of the paper is much more model- independent. Namely, we will investigate the properties 
of a test 5D scalar field in the AdS5 space deformed by the 4D inflationary spacetime, by 
studying the second line of (12 .3p (and its non-linear extension) in the background of ( 12. ip . 
In addition, this test scalar field may be used either as the inflaton, as we do in this paper, 
or as the isocurvaton or curvaton. 

3 The fine-tuning problem 

The inflationary spacetime generically imposes a cutoff on the AdS-like warp factor at 

h c ~ HR . (3.10) 
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The origin can be seen by considering the left hand side of the following Einstein equation, 

(d r hf - E 2 hT 2 = 1/R 2 + other source terms . (3.11) 

Due to the inflationary backreaction term H 2 h~ 2 , the naive AdS-like geometry h = r/R 
generically has to be deformed at (13.101) . unless tuned by other source terms. For simplicity, 
we will approximate the deformed warp factor as h = r/R with a sharp cutoff at h c = HR. 

We first consider the eigenvalue problem (12. 5p without the delta-function term. The 
general solution is a linear combination of two components, 

fn{r) = Cl ^J u (\ n R 2 /r) + c 2 ^Y u (X n R 2 /r) , (3.12) 

where J v and Y v are the Bessel function of the first and second kind, respectively, and 
v = a/4 + MgR 2 . As an example, we consider the case M^R < 1, so i/ ~ 2. The two 
components have different UV behavior in the decompactification limit, which in the nor- 
malization condition (12. 7j) is L — > oo with h = r/R. The first component is normalizable and 
it peaks at IR. The second is not normalizable, and it is nearly a constant for r/R^> X n R. 
In the IR, in order to have non-singular behavior at h = h c , we require 

d r f n \ rc =0. (3.13) 

If we only consider the normalizable component, it is easy to see that the boundary 
condition (13 . 1 3[) requires the eigenvalues A n be positive, discrete and of order O(H): \ n = 
3.83H, 7.02H, .... Therefore the effective mass for the scalars <p n is of order H, too large to 
support the slow- roll in (12.81) . Following the conventional terminology, we call this problem 
the "?7-problem" despite of the fact that the X n has a different nature from the conventional 
r). 

Because the extra dimension is compactified, the upper bound in the normalization con- 
dition (12.71) is finite. Taking this into account, the second component also becomes normal- 
izable. By mixing this component to the first one, we can move each of the above discrete 
eigenvalues very close to zero. In order to do this, by expanding the Bessel functions in the 
small X n R 2 /r limit, we can see that we need c\/ci ~ ^/(X^R 2 ) to satisfy (I3.13p . For exam- 
ple, if c\/c2 = 100, we get A„ = O.llif, .... In this case the IR deformation of the warped 
space does not contribute to the ^-problem, and the wave-function f n is mostly dominated 
by the second component. 

The physical interpretation of the above two cases is as follows. As mentioned, the wave- 
function of the inflaton in the first component is concentrated near the IR end of the warped 
space. So in terms of the dual 4D field theory, this inflaton is the strongly coupled scalar 
glueball. In this case, we see that the inflation-deformed IR geometry presents an 77-problem. 
The wave-function in the second component smears out in the UV and bulk. With suitable 
mixing with the first component, this inflaton is the conventional weakly coupled component 
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since the AdS space does not play any role when we integrate out the extra dimension. The 
//-problem should arise due to the physics in the bulk as in the weakly coupled theory[j] In 
this paper we are interested in the former case, so we approximate 

fn(r)=c^jJ 2 (\ n R 2 /r) . (3.14) 

To see how the shape of potential V& affects the above conclusion, we look at the term 
involving the delta-function at r b in (12. 5ft . This term gives the junction condition for /„ 

across r&, 

drfnt = ~^„} m * fn, U\t = ■ (3-15) 

Since r b is at the UV side of the warped space, the situation for r < r b is exactly the same 
as what we have discussed. Therefore, for the strongly coupled inflaton, the O(H) mass 
gap for A n is not affected by The value of m b , along with other parameters such as a, 
determines the wave-function in the bulk r > r&. This part of the wave-function is highly 
model dependent. For example, the jump in d r f n can be negligible if a 2 ^> |— X^+hlmllR/ti 2 . 
We will concentrate on this case in the rest of the paper, since it emphasizes the properties 
of the strongly coupled inflaton. The jump can also be significant so the wave-function have 
peaks in both the IR end and the bulk, in which case the bulk part dilutes the properties of 
the strongly coupled inflaton that we will study later. 

To summarize, the IR cutoff of the AdS geometry due to the inflationary backreaction is 
generically at h c ~ HR. This deformation affects the wave-function of the strongly coupled 
inflaton at IR so that the 4D effective mass of the inflaton becomes of order H. This is the rj- 
problem, but not determined by the inflationary potential. In order to solve this problem, we 
need to adjust the other source terms for the warped geometry, so that the cutoff is pushed 
to a much smaller value, h c ~ O(10 _1 )ifi?. Replacing h c with h c in the above analyses 
gives the discrete mass gap of order A n ~ h c / R ~ O(10 . How this can be achieved 
in the actual model-building is the fine-tuning problem, which we expect to be a very rich 
and interesting subject. We leave it for future study. In the rest of this paper, we will 
assume that such a fine-tuning has been achieved and go on to investigate the observational 
consequences. 

In realistic scenarios, the strongly coupled scalars and the conventional weakly coupled 
scalars coexist and they require different types of fine-tuning for them to become inflatons. 
If the dual geometries for the former have been fine-tuned as above, but the potentials for 

1 For example, in the bulk ft, ~ 1, so from (|2.5[) we have f n ~ constant and ~ M%. In the case where 
the wave- function of is dominated by the bulk part, M§ is naturally of order H 2 . 

2 Recall that hbrrib is the mass for the homogeneous component in the solution of the differential equation 
(|2.9j) . This component corresponds to a usual 4D weakly coupled field, on the brane. As we described, the 
non-homogeneous component of cj) in (I2.9[) is driven by the strongly coupled inflaton <p. 
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the latter have not, the weakly coupled scalars will just roll down quickly, leaving only the 
strongly coupled ones as the successful inflatons, which is the case of interest here; and vice 
versa. 



4 Power spectrum 

We have seen that there can be many inflatons with discrete eigenvalues A n of order h c /R 
and higher. A precise computation should take into account all of them. It is plausible 
that the more important ones are those with lower eigenvalues because they roll down more 
slowly. So in this paper, we will only consider one eigenfunction with the lowest effective 
mass A ~ h c /R. 

The inflation ends when the 4D scalar reaches a critical value. The space-dependent 
time-delay is 8t = —50/0 = —8<p/ip, where (p is determined by ( 12. 8p . So the map between 
the 4D observable, namely the density perturbation (, and the 5D field is ( = H8t = 
—H8(f)/4>\r b — —H8ip/(p. Since <p has the canonical kinetic term under the normalization 
( 12. 7p . it has the usual mode function decomposition 

8 ip = u(k, r)ak + k, r)a* k , (4.16) 

«(k,r) = -^=(1 + ikr)e- ikT , (4.17) 
V2F 

where r = j dt/a is the conformal time and satisfies the usual canonical commutation 
relation. This corresponds to 8tp = H/(2ir) in the above formula for St. The density 
perturbation is then 

< = ™ = -S- (418) 



The spectral index is 



rflnC 2A 2 



where e = —H/H 2 is as usual, but the conventional r\y = M P V"/V has been replaced by 
X 2 /(3H 2 ). The condition h c ~ O(10 _1 )i?if is necessary to ensure an approximately scale- 
invariant density perturbations, as well as to provide a prolonged inflation. 

An approximate scale-invariant power spectrum can be easily produced by many other 
inflation models, hence is not observationally very distinctive. We now turn to the three- 
point scalar perturbation, i.e. the bispectrum. 
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5 Bispectrum 



We consider two types of non-linearities. One is in the bulk, another is on the localized 
brane. Non-linearity is intrinsic to the model due to gravity. However, a full perturbation 
theory including both gravity and matter is beyond the scope of the current paper. To show 
the most important qualitative properties, we will proceed by introducing some non-linear 
terms in the scalar sector and studying the three-point perturbations. Our emphasis will be 
to compare the conventional weakly coupled case with the strongly coupled one. 

The first example is the bulk non-linearity. We introduce the following action term for 
the 5D field 6, 



K 



J d A xdr^G^G^6d M 6d N 6 . (5.20) 



This term introduces a cubic interaction for 86 with the same structure. At this level, this 
is just one particular example of cubic termsjj We are allowed to add this term as long as 
it is a small perturbation, so we choose a very small coupling, k = 0(e)P^ 2 H^R 1 / 2 , where 



e ~ (9(10 2 ) and P^ ~ O(10 10 ) is the power spectrum. As we will see shortly, this example 



C 

/n; i a-JU* : . ,.i j \ :n . .1 

is chosen because, in the usual weakly coupled slow-roll inflation, its structure and size are 
qualitatively similar to those arising from the non-linearity of gravity. 

The three-point function of 5(f contributed by ( I5.20p can be computed with ( 14. 16[) follow- 
ing the standard procedure [8], and that of ( can be obtained using the relation ( = —HSip/ip. 
The resulting bispectrum has a local shape, which in terms of the shape function S [5] is 

q V A- 3 

S(h,k 2 ,k 3 ) = -f NL fff - , (5.21) 
10 K1K2K3 



where 



5 " L 



Inl = ~-HP- 1/2 k / drhf . (5.22) 

If the extra dimension is flat with the size L ~ R, we recover the normal weakly coupled 
inflaton after integrating out this dimension. In this case, h is a constant. Using ( 12. 7p to 
determine the normalization constant for / and evaluating the remaining integral in (15.221) . 

we get 

/- ak ~ 0(e) . (5.23) 



3 In usual slow-roll models, it is not enough to fine-tune the slow-roll conditions at one field value, the 
conditions have to be maintained and tuned at all field values the inflaton take during inflation. Similarly, 
here we assume that the corrections introduced by (|5.20j) on the zero-mode inflaton evolution are tuned away 
by adjusting the geometry along the inflaton trajectory. So we will only consider the fluctuations. 
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For the AdS geometry and the strongly coupled inflaton (13.141) . the same procedure leads to 



/^ ong ~ 0(e)K' . (5.24) 

It has a large enhancement factor h~ l ^> 1. The difference between the two results is caused 
by the different wave-function distribution in the extra dimension. From (15. 22ft . we can see 
that, due to the normalization [the 2nd term in (12. 7p ], more localized wave-function leads 
to larger interaction. The wave-function of the strongly coupled inflaton concentrates near 
the scale r/R ~ h c , and this is where the large non-Gaussianity is generated. We also note 
that the effect of fine-tuning is opposite for the two cases. For conventional slow-roll models, 
making potential flatter reduces the non-linearity and decreases the non-Gaussianity; while 
for strongly coupled slow-roll models, making the warp factor smaller enhances the bulk 
interactions and increases the non-Gaussianity. 

The second example is the non-linearity localized in the inflationary potential at UV. We 
consider the following cubic interaction term from the potential Vb, 

- J d A x^G^^V b "'5^ . (5.25) 

This term gives a bispectrum shape close to the local form@ with 

l.3f3T/W 

/•strong IL bJb v b p-1/2 p\ 

In the familiar weakly coupled slow-roll model with a potential V, the same type of cubic 
interaction gives 

V'" 

fSt ~ -jfP^ 2 • (5-27) 

Unlike the previous bulk non-linearity case, here the two expressions are similar. However, 
in (I5.27p . V" has to be tuned to be of order 0(e 2 )P^ 2 H to maintain the slow- roll condition; 
while here V b " is not directly related to the slow-roll condition, so can be very large naturally. 
Therefore (I5.26P can become large (even with h b < 1 and f b /a <C 1). 

To summarize, we have seen two different mechanisms that can enhance the inflaton 
interactions due to the non-trivial wave-function in the AdS direction. First, the wave- 
function peaks in the IR and increases bulk interactions there. Second, away from IR, 
local interactions do not affect the effective inflaton mass, and hence are not constrained 
to be small. In conventional models, large local non-Gaussianity can only be generated 
by superhorizon classical evolution [TT], or by isocurvature modes quantum- mechanically 
at horizon scale and then transferred to the curvature perturbation [12]. Here we see that 



4 In this bispectrum integral we need to regulate the unphysical IR divergence by taking the upper limit 
to be the time of the horizon exit for some momentum modes (e.g. k\ + &2 + k^). 
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the same type of local non-Gaussianity present in the simplest single field slow-roll inflation 
models, which is generated quantum-mechanically at the horizon scale and directly for the 
curvature mode, can naturally become large due to the strong interaction. 

6 Discussions 

We make some comparison with several well-known inflationary models involving the AdS 
space. In the higher dimensional theory, these models describe branes moving in the warped 
compactification [13]. In the 4D field theory, these brane positions are weakly coupled 
scalar fields. For example, the KKLMMT model [H] describes a brane slowly moving in a 
warped throat. Once the potential is given, the 4D effective field theory is the usual slow-roll 
inflation. In DBI brane inflation models [El[7], this brane moves with a velocity approaching 
the local speed of light. The inflaton in the 4D effective theory is still weakly coupled but 
becomes relativistic, with non-canonical kinetic termsE In other words, the interactions 
in these theories can be studied perturbatively, at least in the low energy limit, using the 
dynamical degrees of freedom explicitly present in the 4D effective Lagrangian; while for the 
strongly coupled inflaton studied here, this is impossible and one has to use the dual higher 
dimensional theory. 

There are many outstanding issues remain to be investigated. For example, it is important 
to build the models more explicitly and in more varieties, especially to provide examples 
where the fine-tuning is realized. Perturbation theory involving both the matter and gravity 
sector needs to be investigated. The IR energy scale is at least 0(10) times larger than the 
local KK scale, so effects from multiple particles and even strings can be interesting and may 
provide more stringy predictions. 
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In |15) . as an interesting extension of brane inflation, the D3 probe brane is replaced by D7 probe brane, 
so the rolling of a point in the extra dimensions becomes the rolling of a line. If we use the moduli space 
approximation, the 4D effective theory should become the weakly coupled single or multi-field slow-roll/DBI 
inflation model. 
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